The electron pair density can be decomposed into the symmetric and antisymmetric parts. The antisymmetric component is connected with the probability that two electrons are coupled to a triplet. On the basis of triplet-coupled electrons the electron localizability indicator is defined, describing the correlation of motion of electrons forming a triplet pair. In case of spin-polarized systems the electron localizability indicator for triplet pairs combines the two spin channels together into a single functional.
Introduction
The space partitioning based on the division of the whole space into compact space filling mutually exclusive regions (micro-cells) enclosing a fixed amount of same-spin electron pairs (the ω-restricted partitioning) leads the electron localizability indicator (ELI) given as the distribution of charges needed to form a same-spin electron pair (the ω-restricted populations), cf. Ref. [1] denoted in the following as Part I. In case of high mutual avoidance of same-spin electrons high average number of electrons is needed to form the fixed fraction of same-spin pair in the micro-cell. From this point of view ELI describes the correlation of electronic motion of same-spin electrons [2] . ELI was used to detect signatures of chemical bonding in molecules.
Similar procedure, based on integrals of opposite-spin electron pair density over micro-cells of ω-restricted partitioning using fixed amount of charge, leads to the electron localizability indicator for antiparallel-spin pairs (ELIA), cf. Ref. [3] denoted in the following as Part II. In case of high mutual avoidance of opposite-spin electrons less opposite-spin pairs are found in the micro-cell. For microcells restricted to enclose a fixed product of α-spin and β-spin charge the number of opposite-spin pairs in the respective micro-cells is a non-constant distribution only for explicitly correlated wavefunctions. For correlated wavefunction it was shown that ELIA signatures can be used to characterize the bonding situation from the viewpoint of opposite-spin pairs.
In case of spin-polarized systems two different ELI distributions will be obtained for the above mentioned partitioning scheme, one for each spin channel. The widely used electron localization function (ELF) [4] , which in certain sense can be seen as an approximation to ELI, encountered similar situation (the derivation of ELF by Becke and Edgecombe was not restricted to the closed-shell systems only, although all their examples were). With the interpretation of ELF based on the kinetic energy densities [5] , it was proposed to use for spin-polarized systems an ELF formula with the kinetic energy densities split into spin-dependent parts [6] , resulting in a single "spin-polarized" ELF formula (using the total kinetic energy densities without this spin-dependent splitting yields the "closed-shell" formula). For ELI, which of course is not based on kinetic energy densities, we propose another way to formulate a single functional for the spin-polarized case. This approach, described in following sections, is based on the decomposition of the electron pair density into the symmetric and antisymmetric parts. Usage of the triplet pair density (the antisymmetric part) enables to formulate a single indicator including both spin parts in a way consistent with the approach of restricted populations. Additionally, it will be shown that ELIA, which has no equivalent in ELF, is connected with the singlet pair density (the symmetric part of the decomposition).
Theory
The same-spin electron pair density originates from the decomposition of the electron pair density into same-spin and opposite-spin parts. Though, this decomposition is not invariant with respect to the rotation in the spin space [7, 8] . The spinless two-particle density matrix ρ 2 (r 1 r 2 , r 1 r 2 ) for the N -electron wavefunction Ψ (x 1 x 2 · · · x N ) [9, 10] :
with the combined position and spin coordinates 2 (r 1 r 2 , r 1 r 2 ), respectively [11, 12] :
The diagonal elements of the above matrices are the singlet and triplet pair densities ρ (s) 2 (r 1 , r 2 ) and ρ (t) 2 (r 1 , r 2 ), respectively, with integrals proportional to the probability that two electrons are coupled to a singlet, resp. a triplet. The total numbers D (s) and D (t) of singlet resp. triplet electron pairs equal (with the normalization of Eq. 1) [11] :
The singlet and triplet electron densities ρ (s) (r) and ρ (t) (r), respectively, are given by:
with with total spin quantum number S and the spin density ρ s (r) = ρ α (r) − ρ β (r). The singlet and triplet electron densities integrate to the total number of electrons N (s) and N (t) that couple to a singlet and triplet, respectively:
To derive the expression for the electron localizability indicators for the singlet and triplet-coupled electrons let us write the reduced 2-matrix in familiar terms, i.e., using the samespin and opposite-spin 2-matrices:
The same-spin 2-matrices for a configuration interaction (CI) wavefunction constructed from normalized Slater determinants using n orthonormal orbitals φ read (cf. Part I):
with the discrete representations P αα i j,kl and P ββ i j,kl for the samespin combinations of the orbitals. Two Slater determinants differing at most by same-spin orbitals i, j and k, l, respectively, contribute to the element [i j, kl]. One is free to ascribe this contribution to the element [ ji, kl] instead (of course, with opposite sign). But it is more convenient to accumulate all such contributions in the matrix elements where i < j and k < l.
The opposite-spin 2-matrices for a CI wavefunction are given by (cf. Part II):
whereby
The simple product form for the opposite-spin terms results from the integration over spin. From Eqs. 8 and 9 it can be seen that the exchange of the coordinates r 1 and r 2 yields for the same-spin 2-matrices:
whereas for the the opposite-spin 2-matrices, cf. Eqs. 10 and 11, the following applies:
and
Thus, the same-spin 2-matrices do not participate on the singlet pair density, cf. Eq. 3. Utilizing Eqs. 10-12 it follows that the singlet 2-matrix for CI wavefunction can be expressed as:
with the permanents:
The permanent of a matrix is similar to the determinant but without taking into acount the signatures of the permutations, i.e., it represents the symmetric sum of the permutations. The opposite-spin 2-matrices participate also on the triplet 2-matrix. However, due to the subtraction, cf. Eq. 3, the triplet 2-matrix involves determinants instead of the permanents. From Eq. 13 it is clear that the same-spin contributions to the triplet 2-matrix are directly given by the same-spin matrices of Eqs. 8 and 9. Thus, the triplet 2-matrix for a CI wavefunction reads:
Formally, the sum over the opposite-spin terms can be further simplified, because for all terms corresponding to i = j, respectively k = l, the determinants will vanish. Furthermore, the opposite-spin terms corresponding to the given combination of indexes [i, j, k, l] can be accumulated into the single term P os i j,kl :
with the superscript os for the opposite-spin contribution. Then, the triplet 2-matrix can be written as:
with
ELI for triplet-coupled electrons
In Part I ELI was based on the approach of q-restricted space partitioning in order to achieve certain similarity with the ELF formula of Becke and Edgecombe. Later it was found to be more convenient to use ELI based on the approach of D-restricted space partitioning [13, 14] . Following this idea the space is partitioned into compact space filling mutually exclusive micro-cells restricted to enclose a fixed fraction of an electron pair. Then, in each micro-cell the charge is determined. ELI is proportional to the distribution of such charges for infinitesimally small restriction. Focusing on triplet coupled electron pairs, now the micro-cells are restricted to enclose a fixed fraction of a triplet pair. Using the Taylor expansion of the triplet pair density the number of triplet pairs D (t) µ in the micro-cell µ centred around the position a µ is approximately given by (cf. Part I):
where
is the curvature of the triplet pair density at the position a µ . Those parts of g (t) (a µ ) which are connected with the samespin matrices P σ σ i j,kl are the Fermi hole curvatures:
Thus, the same-spin electron pairs have the following contribution to the triplet pair population in the micro-cell µ:
The remaining part of D
µ accounts for the contribution of opposite-spin electron pairs (this should not be mistaken for the number of opposite-spin pairs in micro-cell µ, which is proportional to the on-top pair density, cf. Part II).
The volume V µ of the micro-cell µ enclosing D
µ triplet pairs is approximately given by (cf. Eq. 22):
With the restriction D (t) (without the index µ because the restriction applies to all micro-cells) the integration of the triplet density ρ (t) over the corresponding ω-restricted partitioning yields the ω-restricted distribution of charges ζ (t) D (the superscript indicates that the triplet charge is sampled in the micro-cells):
For fixed infinitesimally small D (t) we can define ELI for triplet-coupled electrons Υ (t) D (the triplet charge in the microcells is sampled):
with the pair-volume functionṼ D (t) (r) for the tripled pairs:
Observe the change from the discrete position representation a µ to the quasi-continuous representation r. Following Eq. 28 ELI is proportional to the triplet charge needed to form the fixed fraction D (t) of a triplet pair. Of course, only if the restriction D (t) is explicitly given, the corresponding ω-restricted space partitioning could be determined, i.e., the number of the micro-cells and their discrete positions a µ . Without the explicite given value of D (t) we only know that the number of micro-cells is some finite number. Nevertheless, the ELI value Υ (t) D (r) can be computed at any position r, bearing in mind that it is always possible to find such restriction D (t) that the chosen positions will be hit. Thus, the distribution of ELI values can be made dense to any extent, however, not continuous. We use the term quasi-continuous for such distribution of values.
ELI for singlet-coupled electrons
Using the approach of q-restricted space partitioning, as decribed in Part II for ELIA, let as divide the whole space into compact space filling mutually exclusive micro-cells enclosing a fixed amount of singlet charge q (s) . The volume V µ of the micro-cell µ centred around the position a µ of such q (s) -restricted space partitioning is then approximately given by:
The integration of the singlet pair density ρ 
The on-top singlet pair density is the diagonal part of the singlet 2-matrix, Eq. 16, which for r 1 = r 2 = a µ reduces to:
For infinitesimally small restriction q (s) we can define ELI for the singlet-coupled electrons Υ (s) q :
which reproduces in the spin-unpolarized case the ELIA functional for the opposite-spin pairs (cf. Part II, where the charge product q α q β was used as the restriction). The N -dependent factor in the expression for singlet pair ELI ensures that Υ (s) q (r) = 1 for closed shell Hartree-Fock wavefunction (in which case the on-top singlet pair density, Eq. 32, yields ρ(r) 2 /4).
Results
Deeper insight into the relationship between ELI based on same-spin pair population on the one hand and the triplet pair population on the other can be gained from the examination of the opposite-spin contributions originating from wavefunctions given either by a single determinant or by many determinants. For single-determinantal wavefunction the corresponding 2-matrix is much more easy to survey.
Single-determinantal wavefunctions
The Hartree-Fock (HF) calculation involves only one configuration. If only a single Slater determinant is used, then, assuming real-valued orbitals, the curvature of the triplet pair density, Eq. 23, simplifies to:
In this case, the contribution of the same-spin terms to the triplet pair population, Eq. 25, can be written as (utilizing the relation g σ = 2ρ σ τ σ − 1/4(∇ρ σ ) 2 , cf. Part I):
Similarly, the remaining oppositespin contribution to the triplet pair population reads:
Apparently, for single-determinantal wavefunctions the triplet pair population in the micro-cell µ can be written as:
In closed-shell case the above equation simplifies to:
If the micro-cells are determined by the q-restricted partitioning, i.e., each micro-cell contains the same total charge q, the volumes of the micro-cells can be expressed according to V µ = q/ρ(a µ ), cf. Part I. For infinitesimally small q Eq. 37 yields the q-restricted triplet pair population for the HF case:
Only the first term of the above equation is proportional to the kernel of the "closed-shell" ELF formula from Ref. [6] (however, in ELI for triplet coupled electrons Υ (t) D the triplet density is sampled, which only in closed shell case is proportional to the total density).
In case of closed-shell (S = 0) single-determinantal wavefunctions the elements of the triplet 2-matrix, cf. Eq. 21, reduce to:
In this case, the triplet pair-volume functionṼ D (t) , Eq. 29, is connected with the pair-volume function for the same-spin pairsṼ D αα :
At the same time (cf. Eq. 5 with ρ = 2ρ α ): Then, in closed-shell case, ELI for triplet coupled electrons is proportional to ELI for same-spin pairs Υ α D = ρ αṼD αα :
Of course, in the spin-polarized case the ELI for the majority spin differs from the one for the minority spin as can be seen in Fig. 1 for the Cr atom (ELI was computed with the program DGrid [15] using the basis set of Clementi and Roetti [16] ). However, in the first two shells, the ELI values for the single spin are similar and very close to the ELI for the triplet coupled electrons (lower solid line). Sampling the total density in the micro-cells, i.e., computing ρṼ D (t) yields the upper solid line in Fig. 1 . In this case the resulting values in the first two shells are roughly 2/3 3/8 times higher than Υ α D , whereas being almost identical with Υ α D in the valence shell (where the majority-spin density almost recovers the total density).
Silvi [17] proposed to use for spin-polarized systems a "modified ELF" formula. The kernel χ mod of this "modified ELF" includes both same-spin components (using the conditional pair probability densities P αα cond and P ββ cond , cf. Eq. 30 in Ref. [17] ):
With the relationship ρ α ∇ 2 P αα cond = g αα it can be seen that the kernel χ mod is actually proportional to the same-spin part of the triplet pair population given by Eq. 25 (replacing the micro-cell volume V µ by 1/ρ, i.e., using q-restricted space partitioning): For closed-shell HF wavefunction Silvi's expression would be proportional to the triplet pair population, cf. Eq. 38 (and to the same-spin population as well). However, for spinpolarized systems the opposite-spin term in the triplet pair population will in general differ from the same-spin term. Correspondingly, also the kernel of ELI for triplet-coupled electrons will differ from the kernel of the "modified ELF" formula.
For single-determinantal wavefunctions the on-top pair density is given by the product ρ α ρ β . Fixing the charge product q α q β for the ω-restricted partitioning (cf. ELIA in Part II) yields a uniform opposite-spin pair population over the micro-cells of such partitioning. In this case, a non-uniform opposite-spin pair population can emerge only from multideterminantal wavefunctions. However, using a fixed amount of singlet electrons as the restriction for the space partitioning, as suggested in previous section for Υ (s) q , can change the situation completely. Now, in spin-polarized case even for single-determinantal wavefunction the singlet pair population over the micro-cells becomes non-uniform, cf. Fig. 2 for the Cr atom, because the squared singlet density ρ (s) is no more proportional to the product ρ α ρ β (which is true for ρ s = 0, cf. Eq. 5).
Spin-adapted configurations
For singlet wavefunction (S = 0), an open-shell restricted determinant is not eigenfunction of the total spin operator. Instead, an appropriate linear combination of determinants must be taken (spin-adapted configuration). As an example, let us consider the excited singlet state of the minimal basis H 2 molecule, described by determinants with the σ g and σ u orbitals occupied. The electrons must have opposite spin which leads to two determinants:
The singlet spin-adapted configuration 1 Ψ is the sum of the above determinants [18] :
The contribution of a particular determinant to the spinadapted configuration is given by the symmetry. Unlike the CI procedure, there is no optimization of the determinant weight. The optimization of the spin-adapted configuration concerns only the orbitals themselves. From the above singlet spin-adapted configuration 1 Ψ the electron pair density ρ 2 can be computed:
yielding
In this simple case the exchange of the unprimed coordinates, cf. Eq. 3, has no effect on the above 2-matrix (matrix permanents are used). Thus, the 2-matrix in Eq. 49 directly yields the singlet 2-matrix ρ 
From this it follows that the localizability indicator for singlet-coupled electrons described by spin-adapted configuration is nonuniform. Thus, already the symmetry restriction introduces certain correlation of motion of opposite-spin electrons. The difference of the two determinants in Eq. 46 yields the triplet spin-adapted configuration with S = 1 and the spin projection M S = 0. The determinants with the spin projection M S = ±1 have both σ g and σ u occupied by electrons with the same spin. The linear combination of the three determinants describes the triplet wavefunction 3 Ψ . The electron pair density ρ 2 derived from 3 Ψ reads:
The above 2-matrix directly yields the triplet 2-matrix (now the singlet 2-matrix vanishes). The ELI for the triplet-coupled electrons can be computed according to Eqs. 28, 29 and 23. Of course, in this simple case the ELI for triplet pairs is proportional to the ELI for same-spin pairs, because both same-spin and opposite-spin pair densities are given by iden-
Multi-determinantal wavefunctions
For correlated wavefunctions from CI calculation the simple expression using the electron densities and τ , cf. Eq. 37, must be replaced by the orbital sum of Eq. 23, i.e., the full 2-matrix must be known to compute ELI for correlated wavefunctions.
As an example for spin-polarized system the ground state 3 Σ − g of the oxygen molecule was computed. The complete active space calculation for 12 electrons in 12 orbitals was performed with Gaussian03 [19] using the cc-pVDZ basis set (bond distance 1.218 Å [20] ). The density matrices were created with the program DGrid and used to compute ELI for the majority and minority spin, respectively.
The corresponding diagrams are shown in Fig. 3 . The ELI signatures of the lone pairs (the ring shaped gold colored localization domains) in the diagram for the majority spin, Fig. 3a , resemble the situation in the F 2 molecule (cf. Part I). The red colored localization domain encloses the single ELI attractor at the bond midpoint. The ELI for minority spin, Fig. 3b , shows signatures very different from the previous one. Now each lone pair signature encloses an ELI attractor on the bond axis, resembling the lone pair situation in N 2 molecule (cf. Part I). Interestingly, the minority ELI shows a "bifurcated" bond attractor (the two red colored localization domains), as was found for F 2 (Part I). The two spin parts can be unified into single diagram using ELI for triplet coupled electrons, Fig. 3c . In this total picture the lone pairs are represented by ring shaped localization domains. The bond signature encloses a single ELI attractor at bond midpoint.
The ELI for singlet coupled electrons, Fig. 4 , shows distinct signatures for the lone pairs and the bond, similar to the ELI for triplet coupled electrons. The two ring shaped localization domains characterize the lone pairs as regions, where more singlet coupled pairs are formed from the fixed singlet charge, than in the the surrounding. The same is true for the bond signature described by the red colored localization domain (enclosing a single ELI attractor). In the regions of low singlet ELI values the opposite spin electrons are avoid- ELI for triplet-coupled electrons is proportional to the triplet charge (the sampling quantity) that is needed to form fixed fraction of a triplet pair (the control quantity, determining the space partitioning). Instead of the triplet charge in the microcells of the D (t) -restricted partitioning it is possible to utilize the total charge. This is fully consistent with the approach of restricted populations. Then ELI would be given by the expression:
Υ D (t) (r) = ρ(r)Ṽ D (t) (r) = ρ(r)
12 g (t) (r) 3/8 .
In the absence of spin polarization, i.e., ρ s (r) = 0, the triplet density ρ (t) is a certain fraction of the total electron density, 
The factor 4 ensures Υ q = 1 for closed-shell HF wavefunction. Like in the case of triplet-coupled electrons, only in the absence of spin polarization the ELI for the two restriction schemes (micro-cells enclosing fixed total charge, respectively fixed number of singlet electrons) are proportional to each other.
Conclusions
The electron pair density can be decomposed into the symmetric and antisymmetric parts. Such decomposition describes electrons that couple to a singlet and triplet pair, respectively. The division of the whole space into compact mutually exclusive space filling micro-cells enclosing a fixed fraction of a triplet pair defines the D (t) -restricted space partitioning. The electron localizability indicator ELI for triplet coupled electrons is proportional to the triplet charges in the micro-cells of the D (t) -restricted partitioning. It describes the correlation of electronic motion of electrons forming a triplet pair. In case of spin-polarized calculation this approach yields a single functional which takes into account both spin channels at once. Additionally, it was shown that the ELI for singlet-coupled electrons reproduces in the spin-unpolarized case the electron localizability indicator for antiparallel-spin pairs ELIA.
